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@ Introduction to GN CSEM inversion

© Resolving GN inversion bottlenecks
@ Parameter Transformations
@ Memory requirements
@ Solving system of Normal Equations

e Verification on Real Data
o Atlab-1
o Atlab-3(2)
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Schematics of CSEM inversion

data: electric and magpnetic fields
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Optimization problem

Objective function

© = @d + Aps — min, (1)
A,m
Data misfit 1
palm) = S[IF(m) = B 2y )

System of normal equations

[m {ng;dem} F V2,0, (m) + al} p—
— R {IHWIW, [f(m) — d°=| } — AVmps (m), (3)

m vector of model parameters

p search direction, model update Am is found with line search
along p
W, Data weights
Jm Jacobian matrix a"ton
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Jacobian matrix memory requirements examples

Jm € CNdem, Ng = Ng x Ng x Ncomp. Nm = ny x ny X nz X 2

Consider m is conductivity o = (op, o)
2.5D Ns = 231, Nr = 30, Ntr = 4245, Nfr - 47 Ncomp =2,
Npy/2 = ny x n, = 1076 x 176
— Jacobian memory 100 GB
3D Ns =700, N, =139, Ny = 54813, N = 5, Neomp = 4,
Nm/2 = ny x n, x n, =622 x 514 x 101
— Jacobian memory 520 TB

Jacobian can be very large —
Smart solutions and big computational resources are required J
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|deas for practical solutions in 3D case

@ Reduce number of optimization parameters (separate simulation and
optimization grids);
@ Split Jacobian among various machines, using MPI;

@ Substitute direct solvers (for example, MUMPS) with iterative solvers
(such as CG, for example).
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Inversion Parametrization

o X X m

e o = (op,0,): conductivity at nodes of the simulation grid
(ne x ny X ny X 2)

@ x: parameter with lower and upper bounds on the conductivity, no
reduction in number of parameters

@ X: parameter after transformation from arbitrary seabed to flat
seabed (ny x n, X m; X 2,m, < n,)

@ m: parameter after transformation to optimization domain, significant

reduction in number of parameters (n§ X ng X ng X 2)
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Standard transformation:

w00 = n(ZEmba ) @)

7 () = 7 ()
70 = )+l -l (9)

Jacobian transformation is also straightforward:

Jdo
he=dog (6)
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X — X: transformation to flat seabed

@ coordinate transform

x:(x,y,z) = (h,Z) — r= (X7Yv§) = (hvé-)

B z—zg (h) 2>
f(z) - fmax |:Zmax — 25 (h)} 5 > B (7)
2() = z8(h)+ ¢ omas — 20 ()] ®)

zg water depth
Zmax Maximum depth of the model
Emax distance from shallowest water depth to znax
@ interpolation to regular grid
We use spline interpolation both for parameter and Jacobian (only
forward) transforms

@ the original water volume is added after backward transform an

interpolation d"ton
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X — m: parameter representations

1D case:

K0) =D Kntn(x), (9)

() =D muab(x). (10)

Xn, ®n(x) node values and basis functions centred at nodes x,.

my, 1, (x) node values and basis functions centred at nodes x,.

Nodes x,, are sampled 2 to 5 times coarser than nodes x, J
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X — m: transformation matrices

1D case:
A9 = [ oo
B9 = [ e (1)
et = [ v (e
3D case:
Cra = C,%) CC%) C/g?(outer product). (12)

Similarly matrices A, B.

Transformation matrices are independent of parameters m and x and can
be computed at the beginning of the inversion process.
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X — m: transformations

Parameter transformations:
Ax =B'm, (13a)

Cm = Bx. (13b)

Jacobian transformation (only forward):

Jn =J3A BT = Jy ~ Jydiag ' (A)BT (14)
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Our choice of basis functions ¢ and

sinc and an adjustable boxcar functions for ¢ and v, respectively.

_sin[(x — x,) T/ Ax]

= 15
@n (x) (x — xp) T/ AX (152)
sinh [Axg/(2kxT)]
_ 15b
¥y (x, x7) cosh [Axg/(2kxT)] + cosh [(x — x,)/(kxT)] (15b)
XT = XB XT = 0.1XB

o o

° * I;z;i):tance(ma)oO “ * o 100 1;“ t e(m;‘““ “ *
k =0.1088, xg = 30 m
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py — m,: transformed model example

Vertical resistivity
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From Mittet & Avdeeva (2023)

allton

Avdeeva A., Mittet R. and Pedersen O. M. ttlenecks of 3D CSEM GN inversi: November 14, 2023



Memory required for transformation matrices

model size ‘ Ny X ny, X ng ‘ ng X ny X ng
2.5D, Atlab-3(2) 415 x 1 x 167 157 x 1 x 43
3D, small 94 x 169 x 77 26 x b3 x 23
3D, medium, Atlab-3(2) | 228 x 214 x 167 | 104 x 97 x 66
3D, large 622 x 514 x 101 | 199 x 161 x 18
model size | A (GB) | B (GB) | C (GB) | By (GB)
2.5D, Atlab-3(2) 0.75 0.32 0.77 0.003
3D, small 5.2 6.5 0.007 0.06
3D, medium, Atlab-3(2) | 40.6 45.7 0.15 0.57
3D, large 313 233 0.13 11

Table: Examples of memory requirements of the transformation matrices.
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Memory required by Jacobian

data size ‘ Ns ‘ N, ‘ Ny, ‘ Ng
2.5D, Atlab-3(2) 80 6 480 4
3D, small 57 12 467 3
3D, medium, Atlab-3(2) | 240 | 18 | 4320 4
3D, large 700 | 139 | 54813 | 5
problem size ‘ Jo (GB) ‘ Jm (GB)
2.5D, Atlab-3(2) 3.98 0.39
3D, small 102 2.6
3D, medium, Atlab-3(2) 8392 685
3D, large 527483 9421

Table: Examples of reductions of memory required by the Jacobian matrix. Here
we assume that we invert fields (E,, E,,H,,H,) and (E«,H,) in 3D and in 2.5D

cases, respectively. "t
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Systems to solve

@ At the beginning of the inversion:
Ax =B m.
@ At each GN iteration, transform model to simulation mesh:
Cm = By.
@ At each GN iteration, solve system of normal equations:
{3? {JﬁW;WdJm} + AV2 05 (m) + al} p=

R {ng;,fwd [f(m) - dobﬂ } — AVmgs (M)
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Solvers

@ 2.5D: the transformation matrices and their factorizations could be
stored in memory. Direct solvers could be used for transformations,
and also for the solution of the system of normal equations.

@ 3D: All direct solvers must be substituted with iterative solvers. We
use preconditioned CG solvers from Eigen (Guennebaud et al., 2010)
and PETSc (Balay et al., 2023) C++ libraries.

@ For transformation of parameters diagonal Jacobi preconditioner is
used.

@ For solution of the system of normal equations our preconditioner is
based on L-BFGS approximation to the inverse of Hessian matrix.

With CG solver the system matrix or the preconditioner is not computed
or stored, rather their multiplication with a vector is implemented. J
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L-BFGS based preconditioner

@ Preconditioner P is L-BFGS approximation to the inverse of Hessian
matrix (Nocedal & Wright (1999))

@ For application of P to a vector we need to know models and
gradients for previous nc, iterations

@ To make sure that P is successful we propose a damped version of
L-BFGS, so sy = myg1 — my are modified as follows:

Sk = Oksk + (1 — 0x)Pryk, (16)

here the scalar 6y is defined as

1 if 7 >0.2
=140 " Tk = (17)
0.8/(1—7x), otherwise
. sl _ — (%¢
with 7 = CET Yk = 8k+1 — Bk 8k = <%>k' aIItOn
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Effect of CG preconditioner

— PC=1
600| —— PC=1/Diag(BE" + 6¢l)

—— PC= damped LBFGS[HP = 1/Diag(BE" + 6,/)],ncp = 4 \_/
500

Number of CG iterations

0 5 10 15 20
GN iteration, k

The proposed preconditioner gives significant reduction in number of CG
iterations;

Most cases show that the number of CG iterations is below 200, even for
relatively large 3D examples.
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Atlab data

00000 20000 500000 520000
Easting (m]

ATLAB Consortium:

The purpose of the
consortium is to ob-
tain a better overall
understanding of slow-
spreading ridges;

~allton

Avdeeva A., Mittet R. and Pedersen O. M. Bottlenecks of 3D CSEM GN inversion November 14, 2023 21/28




Atlab-1

@ 14 Rx: separation 2 km

e @ 89 Tx: current 1200 A,
length 300 m, height
100-400 m

Horizontal resistivity

Resistivity (ohm-m)

@ Maximum offset - 6 km

20000
Distance (m)

@ Frequencies: 2, 3.5,

Vertical resistivity

45,9, 17 Hz
£ @ simulation mesh:
£ g 841 x 281 nodes,
o © 50 x 25 m?
istance (m) @ optimization mesh:

510 x 124 nodes,
Acquired in 2017 and inverted in 2019 by Johansen 70 x 35 m?,
et al. (2019); Re-inverted in early 2022 by Mittet & o yms: 24.1 — 1.04
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Atlab-3(2): inversion results
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Bottlenecks of 3D CSEM GN inversion

Atlab-3 data was acquired in 2022, trig-

gered by the high-resolution image of
Atlab-1.

@ 3 x 9 Rx: separation 800 km

@ 240 Tx: current 1000 A, length
50 m, height 30-40 m

@ Maximum offset - 6 km
@ Frequencies: 1.6, 4.8, 8.0, 11.2 Hz

@ simulation mesh: 228 x 214 x 167
nodes, 60 x 60 x 30 m3

@ optimization mesh: 104 x 97 x 66
nodes, 121 x 121 x 43 m3

o rms: 9 — 1.12
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Atlab-3(2

data fits
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Atlab-1 & Atlab-3(2) inversion results

from Allton’s software, Model builder
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Conclusions

@ We propose a new algorithm for 3D VTl-anisotropic CSEM inversion
based on Gauss-Newton optimization method.

@ To reduce the memory requirements the simulation and optimization
meshes are decoupled, using node-based basis functions. In the 3D
case, the memory requirements can be reduced from hundreds to tens
of TB.

@ With the use of L-BFGS preconditioner we speed up the CG solutions
of the system of normal equations.

o With this new GN scheme a large datasets can be inverted in 3D with
modest computer resources.

@ The algorithm is succesfully validated on 2.5D and 3D marine CSEM
datasets acquired at Mohns ridge.
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